The use of stress-induced changes in a crystal of a monolithic solid-state laser by external force as a way for micro-force detection and measurement is described. In fact, the application of an unknown force on the resonator-amplifier crystal of a solid-state laser leads to a measurable change in the frequency of the beat note associated with the orthogonal polarisation components of the oscillating laser mode. Here we report our first measurements of the sensitivity of a photo-elastic force sensor, realised with a monolithic (4 × 4) mm plano-convex cylindrical crystal, and compare them with the results obtained by other authors for different configurations and dimensions of the laser sensor. The reported results are in a good mutual agreement but show notable discrepancies with theoretical predictions, especially for high sensitivities obtained when the dimensions of the laser sensor are small.
Introduction
The smallest mass standard commonly used in mass metrology is 1 mg (approximately equivalent to a gravitational force of 10 µN). Recent advances in nanotechnology have created new opportunities for masses smaller than this. Recently, the French laboratory LNE/Cnam has produced a new series of mass standards and extended the possibility for mass calibration ranging from 100 µg to 900 µg [1] . In practice, low-force measurements based on deadweights can be extended to about 5 µN (approximately 0.5 mg). This limit is due to the small size of the mass standards and their geometrical forms that make them difficult to handle and stack. Generally, the environmental conditions and the difficulties in handling and positioning a micro-masse can lead to significant fluctuations in observed values and large uncertainties on the results of measurement. It would be interesting to have a force balance, having linear response, which can be traceable to mass standard, even in a small interval. In mass metrology, the most sensitive transducers have a limited range of linearity and can only be used to measure small differences among artifacts of nearly equal mass. Thus, the design of a transfer apparatus which can be used to link measurements obtained with different instruments would be welcome. The current situation requires that multiple devices should be developed and addressed to achieve quantitative and reliable measurement results. Now, the measurement of forces is an indirect process because it is carried out in two steps. This means that it requires first, the detection and evaluation of the induced effect in the sensitive element by the applied force, and second, the determination of the intensity of the force. The NIST's electrostatic force, operated in a vacuum, was the major example of a traceable low force balance in the range of 1 mN to 10 nN [2] . Today, the consensus among many groups is to develop standards (apparatus, procedures, reference materials, ···) for force and displacement with the aim of achieving reliable and quantitative measurement results in the range of 1 N -100 µN. In this perspective, we are working on the characterization and validation of a force transducer which converts force into frequency by photoelastic effect in a solid-state laser.
Background
A photo-elastic force sensor is a solid-state laser in which the effect of the force is an induced birefringence. This N.-E. KHELIFA
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OPJ 15 kind of sensor was introduced first by Holzapfel et al. [3, 4] . In fact, a birefringent crystal is an optical support which has the property to resolve the field associated with a light wave into two orthogonal components, relative to direction of propagation, and to transmit them with different speeds. A transparent and optically isotropic material under normal conditions, such as a crystal, can become birefringent when subjected to a constraint. The phenomenon, known as the photo-elastic effect, appears and disappears almost instantaneously with the application of the force onto the crystal.
In the case of a cylindrical crystal, in a compression with respect to a diametrical plane, there are two principal constraints associated with the two directions of principal stress. In the last century, Maxwell determined the relations between the principal indexes of refraction (birefringence) and the principal constraints [5, 6] . In a plane state of stresses, the principal directions of the ellipsoid of index coincide with the principal stress directions, these relations reduce to:
Where or n and ex n are respectively the ordinary and extraordinary refractive index of the laser crystal associated to its principal axis x and y as indicated in σ σ , the induced birefringence is given by the stress-optical law derived from relation (1):
In the relation (2), the factor ( ) relative optical-stress coefficient (inverse of constraint or pressure) of the photo-elastic element and the quantity in the brackets is the difference between the two principal stresses in the plane normal to the direction of light propagation. The optical-stress coefficient depends slightly on the frequency q ν of the light and so is constant for the case of monochromatic radiation of a monomode laser.
The theory of elasticity applied to the case of a cylindrical rod of length  and diameter d in a compression, according to one of his diameter as indicated in Figure 1 , give the relative optical stress coefficient in the center of the Nd:YAG crystal. The approximated expression of this coefficient is given by [7] :
Hence, with the appearance of a birefringence in the laser medium when a force F is exerted on the crystal, the components E ⊥ and E  of the electric field associated to the light wave, after crossing the laser crystal, are no longer in phase. Thus, the two orthogonal polarization of the same oscillating mode undergo a phase shift given by:
Laser Sensor Configuration
A prospective study was conducted using a monolithic Nd:YAG laser from a cylindrical crystal with flat end faces (length  = diameter d = 4 mm). The choice of a packaged laser, having a monolithic configuration where the resonant cavity is formed by the faces of the rod, was preferred because of its good mechanical stability. For this, one end face was machined and polished in order to be convex ( ) 1 
mm R =
and the second one was made plane ( ) 2 R = ∞ . A suitable optical coating on both sides was realized in order to obtain a low threshold for the laser emission in the case of the stable resonator used as a monolithic solid-state laser. The differences in frequency between consecutive axial mode and between an axial mode with a transverse one of the same order q are respectively: 
Expression for the Beat Frequency
When the laser crystal is not under load, the observed beat frequency signal contains many peaks. In particular, the peak close in frequency to 4.4 GHz ν . As the bandwidth of the gain characteristic of the Nd:YAG laser amplifier is of about 150 GHz, approximately 7 longitudinal modes oscillate in the case of the laser cavity used for the actual sensor. Thus, the observed beat note signal is very complex and particular attention is needed when one measures the frequency associated with a peak whose frequency is variable with the applied force F. This situation means that the treatment of the beat signal requires manual input of the signal of interest. The frequencies of the two linearly polarized modes, associated with the oscillating laser, are deduced from the boundary conditions for the electric field in the laser cavity.
The theoretical expression for the induced difference in frequency between the orthogonal polarizations of light associated to the axial mode laser of order q is then:
Finally, by using relations (4) and (6), one can write the expression of the instantaneous frequency deviation between the two components of the laser mode of order q in the form:
Consequently, measurement of Δν allows one to determine the external force from relation (8) . In practice, by using a suitable polarizer, one can rotate the two orthogonal components to make them interfere, resulting in a measurable beat signal at the frequency ν ∆ , given by the relation (8) .
At lower stress levels, the elasticity of the crystal is respected and the frequency difference between the two orthogonal modes components can be varied continuously and linearly by several megahertz as a function of the action of the applied force (depending on its characteristics as conditions of its application, intensity and direction). As shown by relation (8) , the range of the force which can be measured depends on the nature of the crystal used as a solid-state laser (coefficient of photo-elasticity ( ) q PE C ν and refractive index 0 n ) but essentially on its dimensions (  and d ). Thus, to detect small forces, high sensitivity is needed. For this objective, it is necessary to use a monolithic configuration for the solid-state laser with a small crystal.
Experimental Measurement Set-Up
Ideally, a small force transfer apparatus would have a well defined loading point, a high force sensitivity but very low sensitivity to off-axis loading and a repeatable output. In the rough static contact between the laser rod and his support, the interface is the most deformable and his behavior determines the mechanical constraints established in the two solids [8] . To have a reliable and dynamic contact, the best configuration for the force sensor is a cylindrical photo-elastic crystal linked to a plane support. This geometrical shape allows one to achieve a good reproducibility of the points of contact not only between the crystal and its support but also the manner in which the force is applied on the crystal (better reproducibility of distribution of the stress in the photo-elastic crystal). In this configuration, by simple rotation of the crystal around it axis of revolution, alignment of the axes of anisotropy along those of the main constraints can be reached. This adjustment allows one to avoid non-linearity generated by the direction of application of the constraint relative to the main axes of the photo-elastic element. Figures 2 and 3 show the general layout of the experiment and some indications of the configuration of the photo-elastic sensor of force. The Nd:YAG crystal is fixed to a plane iron block by using a thin film of transparent varnish. The temperature of the support is stabilized around 17.00˚C with an uncertainty of ±0.02˚C. The end faces of the Nd:YAG rod play the role of the mirrors of the laser resonator (configuration of a monolithic solid-state laser). Experience shows that a temperature-controlled and mechanically rigid mount of the laser crystal are critical on the stability of the laser emis- sion. Also, some adjustments are made to reduce the effects due to air volume displacements near the laser. The external force can be applied on the top of the crystal, by putting mass standard (to generate gravitational force) on the laser rod or by a nanometric piezoelectric transducer, which presses the crystal down against the bottom radius of the holder. The upper part of the crystal, where the contact with the deadweight or the flexible part of the piezoelectric transducer is done, was ground to produce a flat region of about (0.5 × 4) mm. This configuration corresponds to a significant gradient in the birefringence near the contact points and the stress field is quite uniform near the center of the crystal where the lasing occurs. The beat frequency signal is observed and the shift of a reference peak between unloading and loading conditions was measured. No effect of hysteresis was observed during several repeated processes of installations and removal of the mass on the laser crystal.
In this work, the force was applied by using deadweight loads induced by calibrated mass artifacts whose value lies between 0.1 mg and 100 g. These mass standards are necessary in the comparative studies of results observed with various devices of small mass and force measurement. For the experiment, a steel plate is suspended by a wire having a diameter of 0.05 mm and 0.75 m in length, on which one deposits calibrated masses.
By using a system of displacement-rotation, the plate which supports the mass standard is deposited on the laser rod so that it is in a static equilibrium when the wire is entirely slackened. Figure 4 shows an illustration of the loading system. A He-Ne laser is used for preliminary alignment of the suspended plate relative to the local vertical direction to the top of the Nd:YAG rod. Because of the low dimensions of the plate, we were not able to use the same procedure for all masses employed. Then, the calibrated mass artifacts are either posed directly on the laser medium or carried by the suspended plate. It should be noted that this situation does not correspond to a limitation of the present sensor.
The mass of the system formed by the plate and his wire of suspension was measured with a commercial mass comparator to m p = (8000, 000 ± 0.005) mg.

Calibration with Micro-Masses
A commercial mass comparator was used after some improvements to reduce the influence of the fluctuations of environmental parameters on the weighing. This instrument was studied using a series of masses ranging from of 0.1 mg to 500 mg. It should be noted that these masses correspond to the standards which the LNE manufactured out recently and calibrated to about 0.1 μg. The results obtained for weighing between 0.1 mg (≈ 1 µN) and 500 mg (5 mN) are indicated on the Figure 5 . Some characteristics of the mass comparator are summarized in the Table 1 . Also, via several sets of weights, the indications of this device were linked to the values of the calibrated mass standards. These results reported in Figure 5 , show the good linearity of the apparatus in the range of The values related to the y-axis, referred to as "indications of the balance" in Figures 5 and 6 , all result from the average of about twenty measurements obtained under quasi-identical conditions.
Sensitivity of the Photo-Elastic Force Sensor
The force produced by a deadweight load on a body is given by:
where e m is the mass of the deadweight, l g the local acceleration of the gravity, a ρ the density of air and e ρ the density of mass standard used as deadweight.
The value of a ρ was determined by using the CIPM acceleration of gravity, measured in the vicinity of the experiment in January 2012 by colleague from SYRTE (Observatoire de Paris) with an optical gravimeter. A simple calculation shows that uncertainty in F dw is given by the uncertainty in the mass standard.
By using the uncertainties of 
The curve of Figure 6 represents the response of the photo-elastic sensor, in terms of instantaneous frequency deviation between the two orthogonal polarizations of the laser mode, when the crystal is loaded with a given mass. The observed results show that the behavior of the photo-elastic sensor is quasi-linear in the range studied, with an offset of about 70 kHz. This last parameter was minimized by the rotation of the laser rod around its axis of revolution. The persistent offset of about 70 kHz might be induced by residual stress in the laser medium.
The average value of the sensitivity, derived from a linear adjustment of the results reported in Figure 6 , was evaluated to be about S = 0.2782 (0.0011) MHz·g −1 or in terms of deadweight force to S = 28.36 (0.11) MHz·N . Table 2 presents a summary of the results of measurement obtained by other laboratories that used photoelastic force sensors for different configuration photoelastic force sensors for different configuration of solidstate Nd:YAG laser. In this table, we also give the value of the sensitivity and the associated uncertainty (expressed by a standard deviation) derived from data reported in Figure 6 . The results obtained with other types of laser, as a photo-elastic crystal inside an He-Ne laser resonator, were not considered because they could not be compared with this study.
These experimental values clearly show that the sensitivity of this kind of sensor depends strongly on the dimensions of the laser medium, which in addition is confirmed by the model developed, but also on the geometrical configuration of the laser sensor. The solid line of Figure 6 represents the sensitivity derived from relation (8) 
One might argue that the sensitivity increases with decreasing the dimensions of the laser medium for a given configuration of the laser sensors. This can be explained by the theory of elasticity because the principal ortho- gonal stresses at the center of the laser rod are inversely proportional to its dimensions. With the loading system used, symmetrical distribution of the load via the mini-plate in dynamic equilibrium on the top edge of the laser rod, we obtain a quasi-linear characteristic over the range of masses examined. Nevertheless, the deduced sensitivity starting from the linear adjustment from measurements, equal to 28.36 MHz·N -1 , remains slightly smaller than the theoretical value, calculated by considering the theoretical value of the constant, to about 30.80 MHz·N -1 . The application of the force on the laser rod, in contact on its plane support, should not generate components of horizontal forces or even very weak torques. This condition constitutes the principal weakness of the device we have developed, whose answer depends on the system used to apply force.
To analyze the reproducibility of the beat frequency signal, a mass standard of 2 g carried by the plate of mass 8 g was used and a series of several successive cycles of load-withdrawal with this effective mass were taken. The frequency of the beat signal goes from 60 kHz (laser medium unloaded) to 2.60 MHz (effective mass of 10,000 g is placed on the laser rod). The reproducibility of these frequencies is about 0.1 MHz.
In the context of the sensor, developed here, this corresponds to the measurement of a force of F dw = 981.09 mN (F dw is the gravitational force associated to m = 100 g) with a reproducibility of about 1.7 mN. In the short term, it constitutes the principal limitation in term of uncertainty during a series of measurements. The main source of uncertainty is associated with the stability of the signal of beat of frequencies imposed primarily by the mechanical vibrations which the laser rod and its support undergo. However, from the practical point of view, the reproducibility of the process of application of the force (series of poses and withdrawals of standard weights) and the nature of its contact with the laser crystal, limit the performance of the device. The response of the sensor can be described by a linear characteristic with an average relative deviation of about 0.3%. Figure 7 represents the experimental results reported by different The means values of sensitivity derived from theory lie very close to that measured in our case and especially for the result reported by Ding et al. [10] .
The variations observed between theory and measurements are partly due to the uncertainty in the value of the photo-elastic constant. Chénais et al. [11] point out several inaccuracies reported about the values of the photoelastic constants of YAG crystal, resulting from an incorrect use of the Hooke law. In fact, the photo-elastic and the polarizability effects are so intermingled that one cannot separate clearly the effect of one from the other.
The deviations one observes in the case of laser sensor of small dimensions are larger because the approximation made for the value of the geometrical factor, i.e. term ( ) 8 π in relation (3), is no longer justified.
Conclusion
In this work, a force sensor based on the photo-elastic N.-E. KHELIFA
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effect in a monolithic Nd:YAG laser was demonstrated and used to compare the measured sensitivity of our force sensor with other measurements available. The result of this investigation indicates that the sensitivity of this kind of force sensor can reach high values by reducing the dimensions of the monolithic laser. However, notable discrepancies with the theory are observed when the dimensions of the laser sensor are small and need to be clarified by other measurements. The experimental results compared to theory show that sensitivity of about 110 MHz·N -1 , in the case of a (2 × 2) mm laser rod sensor, can be obtained. Also, the response of the photoelastic force sensor was quasi-linear in the measurement range. The hysteresis, observed on the frequency measurement when the process of load and discharge is repeated for about ten times, is less than 0.4%. Work is being undertaken to characterize the long-term stability of the laser rod by looking the repeatability of the beat frequency signal. Also, as the system possesses a wide range of measurement, it will be useful to consider comparisons in the overlap region with other devices founded on different physical principles, in the objective of traceable small force measurements to the International System of Units (SI).
